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SIMULTANEOUS p-ORDERINGS AND MINIMISING VOLUMES IN 

NUMBER FIELDS 

JAKUB BYSZEWSKI, MIKOLAJ FR^CZYK, AND ANNA SZUMOWICZ 


Abstract. In EE], V.V. Volkov and F.V. Petrov consider the problem of existence 
of the so-called n-universal sets (related to simultaneous p-orderings of Bhargava) in 
the ring of Gaussian integers. A related problem concerning Newton sequences was 
considered by D. Adam and P.-J. Cahen in m- We extend their results to arbitrary 
imaginary quadratic number fields and prove an existence theorem that provides a 
strong counterexample to a conjecture of Volkov-Petrov on minimal cardinality of 
n-universal sets. Along the way, we discover a link with Euler-Kronecker constants 
and prove a lower bound on Euler-Kronecker constants which is of the same order of 
magnitude as the one obtained by Ihara. 


1. Introduction 

In [Bhalj (see also |Bha2) l. M. Bhargava introduced a generalized notion of the factorial 
function defined in any Dedekind domain via a notion of a p-ordering, introduced by him 
as well. Let us recall here the definition of a p-ordering and the generalized factorial 
functioiB 

Definition 1.1. Let A be a Dedekind domain and p a prime ideal of A. Let Vp denote 
the additive p-adic valuation on A. A sequence so,si,--- of elements of A (finite or 
infinite) is called a p-ordering if for every n the element Sn is chosen so that the valuation 
^p(nr=o ~ '®")) lowest possible. We define the function Wp{n) by 

C n-l 

- Sn) 

It can be shown (see [Bh ^ ) that this value does not depend on the choice of a p-ordering. 
We define the generalized factorial of a positive integer n in A as the ideal 

n\A= n 

pGSpec A 

In the case A = Z, we obtain the usual factorial function. However, the usual definition 
of the factorial function in the case A = Z is simpler, because there exists a sequence 
0,1,2,3,..., which is a simultaneous p-ordering for all primes p. One can ask for which 
number fields K there exists a simultaneous p-ordering in the ring of integers Ok- This is a 
particular case of the question [Bha21 Question 30], where Bhargava asked for which subsets 
S of Dedekind rings there exist simultaneous p-orderings in S. For A 7 ^ Q no example of 
such a sequence is known, and they are expected not to exist, but the evidence is scant. In 
|Woo| . M. Wood proved that there are no simultaneous p-orderings in imaginary quadratic 
number fields. Simultaneous p-orderings are also called Newton sequences and have been 
recently studied by D. Adam and P.-J. Cahen ( | ACj . |Cah] l. 

Key words and phrases. Simultaneous orderings, integer-valued polynomials, generalized factorials, 
Euler-Kronecker constants, number fields. 

^Bhargava defined it with respect to an arbitrary subset S of the ring A, we recall here only a special 
case of the definition where S = A. 
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The problem of existence of simultaneous p-orderings is related to integer-valued poly¬ 
nomials. Let A be a domain with field of fractions K. We call a polynomial P G K[X] 
integer-valued if f{A) C A. In EE], V.V. Volkov and F.V. Petrov define n-universal 
sets as follows. 

Definition 1.2. Let A be a domain and K its field of fraetions. We eall a finite subset 
S G A an n-universal set if the following statement holds: For every polynomial P € 
K[X] of degree at most n we have P{A) C A if and only if P{S) C A. 

Thus, a set is n-universal if we can test whether a polynomial of degree < n is integer¬ 
valued on the elements of this set only. Related to universal sets are Newton sequences. 

Definition 1.3. Let A be a domain. A sequence Sq, Si,..., is a Newton sequenee if for 
every 0 < m < n the set {sq, si,..., Sm} is m-universal. The integer n is called the length 
of the Newton sequence. 

The minimal cardinality of an n-universal set is n -I- 1. More precisely, we have the 
following lemma. 

Lemma 1.1. Let A he a domain whieh is not a field. Then every n-universal subset of A 
has at least n -|- 1 elements. 

Indeed, by Lagrange approximation it is easy to construct a polynomial of degree n 
that vanishes on a given set S of size n and takes an arbitrary value on a given element 
X ^ S. 

Of particular interest are thus n-universal sets with precisely n -I- 1 elements. We call 
such sets optimal n-universal sets or simply n-optimal sets. 

Example 1.1. The set {0,1,... ,n} is an n-optimal set in Z. More generally, n-optimal 
sets in Z have the form {a, a -I- 1,..., a -I- n} for some a S Z. 

Indeed, the latter statement follows easily from Proposition |2.61 since the volume of a 
subset of Z of a given size is minimized precisely on sets of consecutive integers. 

Given a ring A, it is natural to ask what is the size of a minimal n-universal set in 
A and in particular whether n-optimal sets exist. For small n, one can construct such 
sets in other rings than Z as well, and it is very interesting to know for which rings such 
sets exist for all n. In EE], Volkov and Petrov showed that for K = Q(i) there are no 
n-optimal sets in Ok for large enough n and also remarked that n-optimal sets exist for 
n = 1,2,3, 5 but not for n = 4. Furthermore, they constructed examples of n-universal 
sets of size ^n -|- o(n) and asked if their examples are asymptotically minimal, i.e., if the 
size of a minimal n-universal set in Z[i] grows as |n -|- o(n) (see |VP1 Conjecture]). We 
modify the geometric argument used in EE] to prove the following result. 

Theorem 1.2. Let K be an imaginary quadratic number field. Then for large enough n 
there are no n-optimal subsets ofOx- 

This result can be considered to be a strongly negative answer to the question of Bhar- 
gava on simultaneous p-orderings. In fact, if for a given number field there was a simulta¬ 
neous p-ordering oq, oi, 02 ,..., then the sets An = {oq, oi,..., a„} would be n-optimal sets 
for all n > 0. Thus, our result generalizes the results of Wood [Woo| . Quite recently, Adam 
and Cahen have obtained a result on the existence of Newton sequences in quadratic num¬ 
ber fields l |AUl Theorem 16 and Section 4.1]). They prove that the length of a maximal 
Newton sequence in a quadratic number field is bounded except for at most finitely many 
exceptions (possibly none) and all of the possible exceptions are real quadratic number 
fields. Their result is more precise, for example they say that the maximal length of a 
Newton sequence in K — Q{\/d) is one if d ^ 1 (mod 8) and d —3, —1,2, 3, 5. However, 
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for any natural number m there are d (necessarily d = 1 (mod 8)) such that the maximal 


is stronger than the result of Adam and Cahen, in a sense that an n-optimal subset of 
Ok cannot necessarily be ordered to form a Newton sequence. For example, a Newton 
sequence in K — Q(z) of maximal length is 0,1,*, 1 +1 and it has length three (cf. |AC[ 
Section 4.1]). However, we have already mentioned that there is a 5-optimal subset of 
OQ(i), namely {0,1, 2, j, 1 + z, 2 + i}. This subset cannot be ordered to form a Newton 
sequence since it does not contain a 4-optimal subset of ClQ(i) (in fact, no 4-optimal set 
exists!). 

Since in imaginary quadratic number fields no n-optimal sets exist for large n, it is 
interesting to ask what is the smallest cardinality of an n-universal set. We show that the 
conjectural asymptotic lower bound + o(n) proposed by Volkov-Petrov in the case of 
^Q(i) can be replaced by n + 2. Our construction works in an arbitrary Dedekind domain. 

Theorem 1.3. Let A be a Dedekind domain. Then for any n there exists an n-universal 
set in A of size n + 2. 


length of a Newton sequence in AT = Q{Vd) is bigger than m. Note that Theorem 


1.2 


To prove this statement, we construct an ascending sequence of n-universal sets with 
n + 2 elements. The argument is elementary and boils down to a repeated use of Chinese 
Remainder Theorem, prime decomposition of ideals, and Proposition 2.3 In fact, we have 
much freedom in our construction, and the constraints on n-universal sets with n + 2 
elements are much weaker that those on optimal n-universal sets. If we were to consider 
n-universal sets with n + d elements, where d is the degree of the field K, the property of 
being n-universal is in some sense common. For any e > 0 we construct n + d independent 


random walks Ai,...,X„+d on Ok and put Sm = {X 


(m) 




(m) 

n-\-d 


10 


Then we show 


that the probability that Sm is n-universal is at least 1 — £ as m goes to infinity. We 
construct random walks in the following way: we fix a symmetric, finitely supported 
probability measure yt on Ok such that the support of yt contains a basis of Ok over Z 
and for each i we pick a starting points Oi and set = o^. Next, for n > 0 we define 

’ 1 - 1 - 1 ) g random element of Ok satisfying = x \ x['^^ = y] = — y) for 

every x,y G Ok- 

Let us return to the question of existence of n-optimal sets in Ok for general num¬ 
ber fields K. As we have mentioned before, examples of small n-optimal sets can be 
constructed, so it would be very interesting to know the answer to the following question. 


Question. Let K be a number field and Ok be its ring of integers. Do there exist n- 
optimal subsets of Ok for arbitrarily large n ? 


Our results give a negative answer to this question for imaginary quadratic number 
fields. We suspect that this is also the case in any number field K Q, but the presence 
of infinitely many units in Ok prevents us from extending our geometric methods. As 
we explain in Section |2.1[ the property of n-optimality in the rings of integers in number 
fields can be tested by looking at the volume of the set. The notion of volume and its 
application in the study of n-universal sets were already present in m- We modify their 
definition slightly and define the volume of a finite subset S C Ok as the principal ideal 

Vol{S)= [] (S 1 -S 2 ). 

Sl,S2&S 

We show that S is n-optimal if and only if its volume is the smallest possible, i.e., divides 
the volumes of all sets of the same cardinality. In Section Corollary |5.2[ we compute 
the asymptotic formula for the norm of the volume of an n-optimal set in Ok- To this 


^The notation A”)™) denotes the m-th step of a random walk X. 
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effect, we use a recent result due to M. Lamoureux. It turns out that for an n-optimal set 
S we have 

log N{Vol{S)) = logn- — - n^(l + 7 r - 7 q) + o(n^). 

The constant 7 q is the Euler-Mascheroni constant, and "fx is the Euler-Kronecker constant 
of the number field K. The analytic properties of ■jk were thoroughly studied by Y. Ihara 
in [Iha| . We use our estimates to prove an analytic inequality for ” potential-like” integrals 
(Theorem |5.3[ ) and deduce, in a elementary fashion, a lower bound on 

Outline of the paper: 

In Section 2, we study necessary and sufficient conditions for a subset of a ring A to 
be n-universal. Following the lines of EE], we prove that a set S with n -I- 1 elements 
in a discrete valuation ring is n-optimal if and only if it is almost uniformly distributed 
modulo powers of the maximal ideal. Next we show that in discrete valuation rings the 
set is n-universal if and only if it contains an n-optimal subset (Proposition |2.ij ) . Using a 
local-global principle (Proposition |2.2[ ) , we prove Proposition |2.3[ which gives an equivalent 
condition for a subset of a normal noetherian ring to be n-universal. In the second part 
of this section, we focus on n-optimal sets in the rings of integers in number fields. We 
introduce the notion of volume of a finite subset of Ox, which is similar to the notion 
of volume from EE). We prove that being an n-optimal set is controlled by the volume. 
All these results are collected in Proposition |2.6[ which gives equivalent conditions for a 
subset of Ox to be n-optimal. 

In Section 3, we show that for an imaginary quadratic number field K there are no 
n-optimal sets in Ox, provided that n is large enough. This is an extension of the result 
from where such a statement was proved for K = Q(i). Put K = Q{\/—d). The 

proof is divided in two cases, depending on whether d = 1,2 (mod 4) or d = 3 (mod 4). 
The case d = I, 2 (mod 4) is similar to the proof of Volkov and Petrov, but when d = 3 
(mod 4) the ring of integers Ox viewed as a lattice in C has a slightly different geometry 
and the argument is more involved. 

Section 4 is entirely devoted to the construction of n-universal sets with n-|-2 elements. 
We also discuss the computational complexity of this construction. 

In Section 5, we compute the asymptotic volume of n-optimal subsets of Ox, where K 
is a number field (assuming they exist). The Euler-Kronecker constant appears naturally in 
those formulae. We use our estimates to prove an analytic inequality (Theorem |5.3| ), which 
is similar to those appearing in potential theory. We use the latter to obtain an elementary 
proof of a lower bound on the Euler-Kronecker constant jx of strength comparable to the 
lower bound of Ihara |Iha) . It is interesting to note that the result is independent of 
existence of n-optimal sets. 

In Section 6, we construct a random walk on O^'^ where d = [AT : Q] such that the 
probability that the coordinates of an m-th step form an n-universal set tends to 1 as m 
tends to infinity. The methods used involve harmonic analysis on finite groups. 

Notations: 

By IS”!, we denote the cardinality of a set S. Let /i, /2 be real valued functions defined on 
a subset of natural numbers. We write / 2 (n) = o(/i(n)) if lim„_>.oo = 0 and / 2 (n) = 
U(/i(n)) if liminf„_,.oo > 0. More generally, whenever we have two expressions / and 
g (that might depend on some parameters), we shall write / <C g if there exists a constant 
C > 0 such that / < Cg for large values of the parameters. Throughout the paper we will 
write Ox for the ring of integers in a number field K, Ax for the discriminant of K and 
Ap for the localisation of a ring A in a prime ideal p. We denote by N{I) the norm of an 
ideal J in a ring A defined as N{I) = |A/J|. If AT is a number field and p is a prime ideal 
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of Ok^ then we write Kp for the completion of K with respect to the p-adic topology. All 
logarithms appearing throughout the article are taken with respect to the natural base. 


2. Universal and optimal sets 


This section is inspired by the results obtained by Volkov and Petrov in m on the prop¬ 
erties of n-universal sets. They found equivalent conditions for a subset of a unique factor¬ 
ization domain to be n-optimal (and one of these conditions holds also in the more general 
case of integral domains). In this section, we shall focus on criteria for n-universality of 
sets of arbitrary size. In our considerations, we restrict ourselves to normal noetherian 
domains. Our aim is Proposition 2.3 - a practical criterion for a subset of a normal noe¬ 


therian domain to be n-universal and Proposition |2.6| which gives equivalent conditions 
for n-optimality in terms of volume. Some of the results in this section are likely part of 
the folklore, but we include them here for the convenience of the reader and due to lack 
of suitable reference. Some arguments here generalize the results of m- Universal sets 
are closely connected with integer-valued polynomials. For a comprehensive discussion of 
integer-valued polynomials, see feel - Almost uniformly distributed sequences have been 
studied in particular by Amice, Bhargava, and Yeremian ( [Ami] . [Bhalj . [Bha2) and |Yer | ). 


Definition 2.1. Let A be an integral domain, I an ideal of A and S a finite subset of A. 
We say that S is almost uniformly distributed modulo I if for every a,b G A we have 

|{s G S'I s = a (mod/)}| — |{s G S I s = & (mod/)}| G {—I, 0,1}. 

In particular, if \A/I\ > |S|, then S is almost uniformly distributed modulo I if and only 
if its elements are pairwise distinct modulo I. 


In the following S will denote a subset of A. 


Definition 2.2. Let A be an integral domain and let p be a prime ideal of A. A set 
S is called {n,p)-universal if S is n-universal in the localisation Ap. If this is the case, 
f{S) C A implies f{A) c Ap. 

Proposition 2.1. Let A be a discrete valuation ring with the maximal ideal m. Then a 
subset S G A is n-universal if and only if it contains a subset of size n-\-l which is almost 
uniformly distributed modulo for every positive integer k. 


Proof. Step 1: First we treat the case |S| = n -I- 1. This is already handled by Lemma 1 
from [VPj . we just need to observe that every discrete valuation ring is a unique factoriza¬ 
tion domain. Lemma 1 yields then that S is n-universal if and only if it is almost uniformly 
distributed modulo for every positive integer k. Let us recall the first part of the proof 
from m- We shall refer to it in the proof of the second step. Let S = {sq, si,..., s„}. 
For m = 0,1,..., n consider the polynomial 


QmiX) 



Then Q{si) = 0 if i m and Q{sm) = I. Let / G K\X] be a polynomial of degree at most 
n. By Lagrange interpolation, we get 

n 

f{X) = Y, f{Sm)Qm{X). 

m—0 

This formula implies that if all the polynomials Qm are integer-valued, then S must be n- 
universal. Conversely, if S is n-universal, then the polynomials Qm must be integer-valued, 
so the two conditions are in fact equivalent. Thus, it is enough to show that polynomials 
Qm are integer-valued if and only if S is almost uniformly distributed modulo for every 
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positive integer k. Let v be the (additive) valuation of A. Rewrite the condition that Qm 
is integer-valued in the form 

v{x — Si) > v{sm — Si) for X £ A. 

i^m i^m 

The second part of the proof of Lemma 1 in |VPj yields that such inequality holds for all 
X and m if and only if S is almost uniformly distributed modulo for every positive 
integer k. 

Step 2: Let S be an n-universal set and [S'! > n + 1. Take a set E for which the sum 
s'^E s^s' ~ *0 is minimal among all subsets of S with n -|- 1 elements. If E is not 
n-universal then, by the proof of the first step, it means that for each such E there exists 
(at least one) Se £ E such that 

qe,sAx)= n 

is not integer-valued. Since S is supposed to be n-universal, this means that there exists 
te £ S such that QE,SEi^E) ^ A, i.e, 

v{rE - s) < v{sE - s). 

s^E\{se} sG£/\{s£;} 

Consider the set E' = E \ {s_e} U {te}- We get 

yy v{s — s') = yy z;(s —s')-i-2 yy v(rE — s)< 

s,s'gE' s^s' £E\{se} s^E\{se} 

s^s' s^s' 

< yy z;(s — s')-I-2 yy v{se — s)= yy v{s — s'). 

s,s' ^E\{se} sGi5\{sE} s.s'gS 

Si^s' 

This contradicts the choice of E. Hence, E is an optimal n-universal subset of S, which 
concludes the proof by Step 1. □ 

Remark 1. In a discrete valuation ring an optimal set can he ordered to form a Newton 
sequence. This follows immediately from the previous proposition. 

The property of being an n-universal set is local and in general it is easier to verify in 
local rings. 

Proposition 2.2. Let A be an integral domain with field of fractions K. Let S he a subset 
of A and let X be a set of prime ideals of A such that 

C] Ap = A. 

pGX 

Then S is n-universal in A if and only if it is (n, p) -universal for every p £ X . 

Proof. If S is n-universal in A, then it is obviously n-universal in any localisation. Now 
assume that S is (n, p)-universal for all p G X and for a polynomial P £ K\X] of degree 
at most n we have P{s) £ Ap for every s £ S. Then for any a £ A and p G X we have 
P{a) £ Ap and consequently P{a) £ PlpgA ^p = ^- 

As a corollary to Propositions |2 .1 1 and |2 . 2[ we obtain the following result. 

Proposition 2.3. Let A be a normal noetherian domain. Then a subset S G A is n- 
universal if and only if for every prime ideal p of codimension 1 it contains a subset 
S' G S with n -|- 1 elements which is almost uniformly distributed modulo every positive 
power of p. 
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Proof. The equality 

n \ = A 

codimp = l 

holds in every normal noetherian domain A (cf. [Eisl Corollary 11.4]). Thus, we can apply 
Proposition |2.2[ For every prime ideal p of codimension 1 the ring Ap is a discrete valuation 
ring. The claim follows from Proposition |2.1[ □ 

The ring of integers in a number field K is always a Dedekind domain, so in particular 
every non-zero prime ideal is maximal and has codimension one. We obtain the following 
corollary. 

Corollary 2.4. Let K be a number field and S be a subset of Ok- Then S is n-universal 
if and only if for any non-zero prime ideal p of Ok we can find a subset S' of S with n -|-1 
elements which is almost uniformly distributed modulo powers o/p. 

2.1. Optimal sets and volume. For optimal sets, we can rephrase the last result in 
terms of the notion of a volume of a set. 

Definition 2.3. Let S be a finite subset of Ok- Define the volume of S as the ideal 

voi{s) = n - "')• 

i 5 , S ^ S 

s^s' 

The volumes of optimal n-universal sets are closely related to the factorial function in 
number fields. We recall the definition below. These factorials can be traced back to the 
work of Bhargava on p-orderings and generalizations of factorial function |Bhal| . We give 
an equivalent description of the generalized factorial function for the rings of integers in 
number fields. 

Definition 2.4. (cf. |Bhal| . |Lam] ) Let K be a number field. We define the K-factorial 
of n as the ideal 

n\K = n\o^= n 

pGSpec Ok 

where Wp{n) = [’^/-^(P*)] ■ 

The rate of growth of norms of these factorials has been studied in depth in the recent 
thesis of M. Lamoureux [Lam] . We will use one of his results in Section]^ The following 
lemma provides a link between n-optimal subsets of Ok and generalized factorials. 

Lemma 2.5. Let A be a discrete valuation ring with the additive valuation v, the maximal 
ideal p, and finite residue field. Then S C A is n-optimal if and only if \S\ = n -\-1 and 

n oo 

v{Vol{S)) = 2 

fc=l i=l 

Proof. By Proposition |2.1[ the set S is n-optimal in A if and only if it is almost uni¬ 
formly distributed modulo powers of p. In a discrete valuation ring any such set can be 
arranged into a Newton sequence (cf. Remark[^. Hence, the p-valuation v{Vol{S)) equals 
v{Vol{{ai, ..., a| 5 |})) where {oi,..., a| 5 |} is a p-ordering of size j^j. We get 

|S| ^-l |S| 

v{VoliS)) a-j) =~ 

i^j i=2 j = l i=2 

From the discussion in Chapter 1.1 in |Lamj . we have 
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Proposition 2.6. Let S be a subset of Ok with n + 1 elements. Then the following 
conditions are equivalent: 

(i) S is n-optimal, 

(ii) Vol{S) = {Y{U^\K)^ 

(iii) Vol{S) divides Vol{Si) for any subset Si C Ok with n + 1 elements. 


Proof. The equivalence between (i) and (iii) is a special case of Lemma 1 in m- For 
the sake of the reader, we sketch a short proof. In a discrete valuation ring OKf, a set 
S with n + 1 elements is n-universal if and only if the p-adic valuation of Vol{S) is the 
lowest possible. Since a set is n-universal if and only if it is n-universal in the localisation 
in every prime ideal, we obtain the desired equivalence. To prove that (i) is equivalent to 
(ii), we pass to the localisation at every prime ideal p and use Lemma 2.5 □ 


3. Nonexistence of optimal sets in imaginary quadratic number fields 

In the ring of rational integers we can find an n-optimal set for every n. To the best 
of our knowledge, there are no known examples of number fields other than Q where this 
property holds. Volkov and Petrov showed in m that for large enough n there are no 
n-optimal sets with elements in Z[i]. Thus, we can ask the following question. 

Question 3.1. Let K be a number field other than Q. Can we find a number N such that 
for every n > N there is no n-optimal subset of Ok ? 

As we have mentioned, the work of Volkov and Petrov answers this question affirmatively 
for K — Q(i). In this section, we will prove that the answer is positive for all imaginary 
quadratic number fields. 

Theorem 3.2. Let K — Q(V~d) be an imaginary quadratic number field. Then for every 
large enough n there is no n-optimal set in Ok- 

Proof. We divide the proof into two cases. In the case d = 1,2 (mod 4), we will use 
methods similar to those in m- In the case d = 3 (mod 4), the problem is more difficult 
and we need to introduce a number of modifications. 

Assume the contrary, i.e., that for arbitrarily large n there exists an n-optimal set. 
From now on we identify Ok with its image via a fixed embedding K ^ C. The strategy 
of the proof is as follows. Let S be an n-optimal set. We show that S is contained in a 
polygon which contains n -|- o(n) points from the lattice Ok- Then we show that since 
every n-optimal set is almost uniformly distributed modulo p^ for every prime p and s > 1, 
there exists a subset of lattice points of the polygon which is disjoint with S and has Lt{n) 
points. This yields a contradiction. 

It is well known that the ring of integers Ok is equal to if d = —1 (mod 4) 

and Ok = otherwise. Throughout the proof S denotes an n-optimal set. 


3.1. Case d ^ —1 (mod 4). Take e > 0. We use Proposition |2.6| to show that an n -opt imal 
set is collapsecj^ along some horizontal and vertical lines. Together with Corollary 2_A this 
implies that the set S is contained in a rectangle with sides parallel to the coordinate axes 
and containing n -I- o(n) points from Ok- We now introduce the notion of collapsing. 


Definition 3.1. Let K be an imaginary quadratic number field and let T be a finite subset 
of Ok- Let I be a line in the complex plane. The line I divides the complex plane into two 
closed half-planes Hi,H 2 . Let us distinguish one of them, say H = Hi. 

We say that the set T is collapsed along the pair {I, H) if the following conditions holds: 


^This notion will be made precise later. 
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(i) Let m be a line perpendicular to I, containing at least one point from the set T. 
Let X be a point from T which belongs to m. Then every point in Ok lying between 
the point m H I and x also belongs to 

(ii) Let m be a line perpendicular to 1. Then \T C]mr\ Hi \ — |T n m H H 2 \ is equal to 
0 or 1. 

We call a closed domain which is bounded by two lines parallel to I and symmetric with 
respect to I a strip along I. A semi-strip along I is a strip along I without the part of the 
boundary lying in the distinguished half-plane. A strip (resp. semi-strip) parallel to I is a 
strip (resp. semi-strip) along a line parallel to 1 . 

Definition 3.2. Let T be a finite subset of Ok and {l,T[) be as above. The set col(; ,h){T) 
is defined as the unique subset of Ok satisfying the following properties: 

(i) col(;^/p)(T) is collapsed along {l^H), 

(ii) for every line m perpendicular to I we have |Tnm| = |col(/_pf)(r) nm|. 

We will now show that the set S is collapsed along some vertical and horizontal lines. 
We use the following lemma. 

Lemma 3.3. Let T be a finite subset of Ok, where K is an imaginary quadratic number 
field. Let I be a line in the complex plane. If T is an n-optimal set, then there exists a 
line li parallel to I such that the set T is collapsed along the line li (for some choice of the 
distinguished half-plane). 

Proof. By Proposition |2^ the absolute value of the volume of the set T is minimal among 
absolute values of the volumes of the subsets of Ok of the same cardinality as T. The 
absolute value of the volume of the set T = {ao,..., a„} is given by 

\voiiT)\= n n (3.1) 

fe,m—lines ai^k 
k\\l,m\\l 

iAi 

Due to this formula, it is enough to show the following lemma: 


Lemma 3.4. Let I 2 and I 3 be two parallel lines in the complex plane and let C, D be finite 
subsets of Ok such that C is contained in I 2 and D is contained in I 3 . The number of 
elements c G C and d G D such that \c — d\ Gi m is maximal for all m > 0 if and only if 
there exists a line t in the complex plane (perpendicular to I 2 and I 3 ) such that the sets C 
and D are collapsed along the line t (up to a choice of the distinguished half-plane). 

Proof. Let d G D. Denote by di the orthogonal projection of d onto the line I 2 and let 
Di = {di I d G D}. It is enough to prove the lemma in the case I2 = I3, C = C and 
D = Di because the function |c — d| 1 —>■ |c — dij is strictly increasing. The proof of this 
case is analogous to the proof of Lemma 4 in [VP]. □ 


We argue that if the absolute value of the volume of the set T is minimal among the 
absolute values of volumes of subsets of Ok of the same cardinality as T, then for every 
pair of lines mi, m 2 perpendicular to I there exists a line 112 parallel to I such that the 
set T n (toi U m 2 ) is collapsed along the line I 12 . Indeed, if it was not the case then 
by Lemma 3.4 and formula (3.1) the absolute value \VoI{coIi^i^h){T))\ would be strictly 


smaller than \Vol{T)\. It remains to show that we can choose a single line li parallel to l 
and a half-plane H such that T is collapsed along {I, H). 

For every line m perpendicular to I, consider the set Cm of lines L parallel to I such 
that T n TO is collapsed along L (for some choice of a half-plane). By Definition 3.1 the 
lines in the set Cm form a semi-strip parallel to 1. As we have pointed out, for every pair 


^In other words T Hm = Ok H conv((r U i) D m). 
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of lines mi, m 2 perpendicular to I there exists a line I 12 parallel to I and a half-plane H 12 
such that (T n mi) U (T n m 2 ) is collapsed along (Z 12 , -ffi 2 )- This is equivalent to saying 
that C'mi n Cm 2 is nonempty for any mi, m 2 - The sets Cm for m perpendicular to I are 
semi-strips parallel to I, hence they intersect non-trivially if and only if every pair does. 
Hence H Cm 7 ^ 0 and we can find a line k parallel to I such that T n m is collapsed along 
k for every m. We can distinguish the same half-plane for every m since we can do it for 
every pair mi,m 2 . Thus, T is itself collapsed along k, which ends the proof of Lemma 

O □ 


By the previous lemma, as the set S is n-optimal, there exists a horizontal line h and a 
vertical line I 2 such that the set S is collapsed along li and l 2 - There exist strips 5^ along 
the line li and Si^ along the line I 2 such that the set S is contained in the intersection 
Si^ n Si^. We will use Corollary |2.4| to calculate a bound for the width of these strips. To 
this end, we will use the following results. 

Theorem 3.5. Let e > 0 and a, b be coprime natural numbers. Then for every m large 
enough, there exists a prime number p G (m, (1 - 1 - e)m) such that p = af + b where f is an 
integer. 

This is a standard consequence of the prime number theorem and the Dirichlet’s theorem 
on prime numbers in arithmetic progressions (more precisely, its version with natural 
density, cf. |Lanl Ch. VIII.4 and Ch. XVI1. A more detailed oroof mav be found in m- 
The following lemma is well-known, but we supply its proof for a lack of suitable reference. 


Lemma 3.6. For every nonzero natural number d there exists a natural number c coprime 
with Ad such that all numbers of form Adi + c which are prime in Z are irreducible in the 
ring of integers Ok of the number field K = Q(V—d). 


Proof. An odd prime number p is irreducible in the ring of integers Ok if and only if —d 
is not a square modulo p. Let us write d = 2^di with di odd, k G {0,1}. The quadratic 
reciprocity for Jacobi symbols (see e.g. HE]) yields 


Consequently, if p 



1 (mod 4), then 



, ,, (p-i)(di-i) 

= (- 1 ) 



Let c be a natural number such that j = and c = 1 (mod 4). Then for every prime 
p of the form Adi + c, we get 


P 




= -l, 


since j =1 (this is obvious for fc = 0; for fc = 1 this follows from the fact that in this 

case p = 1 (mod 8 )). We conclude that for primes p of the form Adi + c, the number —d 
is not a square modulo p and so p is irreducible in Ok- D 


Let us take a natural number c such that any prim e nu mber of the form Adi -I- c is 
irreducible in the ring of integers Z[\t—d]. By Theorem 3.5 there exists a prime number 
Adi -\- c G (m, (1 -|- e)m) provided that m S N is large enough. Let us take prime numbers 
Pi G + e)^Jn) and p2 G + e)y^) such that pi and p2 are irreducible 

in Z[V—d]. There are p\ > n different remainders modulo pi, so by Corollary 


2.4 


different elements from the set S cannot give the same remainder modulo pi. Therefore, 
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as the set S is collapsed along the lines li and I 2 , we can assume that the strip Si-^ has 
width pi^fd and the strip Si^ has width pi. Hence, the set S is contained in the rectangle 
P = Si^. The rectangle P has horizontal and vertical sides of length respectively pi 
and piVd and its left bottom vertex belongs to Ok- The rectangle P contains {pi + 1)^ 
points from the lattice. Now we will show that a substantial subset of the lattice points in 
the rectangle P cannot belong to the set S. Let Pi be the rectangle with horizontal and 
vertical sides of lengths respectively pi — P 2 — ^ and {pi — P 2 — ^)Vd which is contained 
in the rectangle P and such that the left bottom vertex of the rectangle Pi is the left 
bottom vertex of the rectangle P. The rectangle Pi contains {pi — p 2 )^ points from 
Ok- Let a; be a lattice point which is contained in the rectangle Pi. Consider the set 
Rx = {x: X + P 2 'J—d, X + P 2 i/—d + P 2 ,x + P 2 }■ The set is contained in the rectangle 
P. Each element from the set Rx has the same remainder modulo p 2 - There are P 2 ^ t 
different remainders modulo p 2 - By Corollary |2.4[ the set S contains at most two elements 
from the set Rx- Considering the set Rx for every x G Pi H Ok, we get 

\s\<{pi + ir-2{pi-p2r- 


This implies that 


l^l < -pj + 4pip2 - 2p2 + 2pi + 1 

n -f 1 ^ —277. T —^ 77(1 “t“ c) ~t“ 2(1 T -t- 1 
v2 


< (l + e)" + 


y2r 


As we can take e > 0 arbitrarily small, we get a contradiction for large n. This ends the 
proof of Case 1 of Theorem |3.2[ 


3.2. Case d = —1 (mod 4). Recall that Ok = Take e > 0. Denote by ki (resp. 

k2) the line which contains the point 0 and is perpendicular to the line which contains 
points 0 and (resp. points 0 and We have 

fci = {(x,y)GR 2 |y = -^} 
k2 = {{x,y) e I y = ^}. 

By Lemma |3.3[ there exist lines mi , m2 parallel respectively to ki and k2 and a vertical 
line 7773 such that the set S is collapsed along the lines mi, m2, and 7773. 

Denote by 77712 the intersection of mi and m2 and by x the distance between the 
point 77712 and the line 7773. We will divide the proof of this case into two subcases 
which depend on the distance x. Choose pi and p2 in the same way as in the previous 
case, i.e., pi € + e)\dn) and p2 € such that pi and p2 are 

irreducible in Choose constants Ci and C such that < Ci < 

and 0 < C < Pi±LzdZiPi ^ (This is indeed possible for small e.) 

Subcase 1 . Assume x ^ C. In this case, we will show that the 77-optimal set S is 
contained in a hexagon which contains at most pf + o{pi) points from Ok- Then we will 
show that some points from the hexagon cannot belong to the set S. The cardinality 
of the set of these points is rjn + 0(77) (for some 77 > 0 independent of n) and we get a 
contradiction for large n. 

The set S is collapsed along the lines mi,m2,m3 and is contained in the intersection 
of the strips: Si along the line mi, S2 along the line m2 and S3 along the line 7773 (see 
Figure 1). Analogously as in the previous case we can assume that the strips and S2 
have width (Pi+LEi+ j width pi + 1. 
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Figure 1. The hexagon BiB 2 B^B 4 ^B^Bq contains the set S. 


Now we will compute the area of the intersection of the strips S'! and 82 - Denote 
F = Si(^ 82 - The polygon F is a rhombus with height (i.e., the distance between the 
opposite sides) h = {pi + 1)^^-^. Denote by a = 1 ^ 1^21 the length of the side of the 

rhombus F and by a the argument of the number . Then the area of the rhombus 

F is given by the following formula: 


Pp = 2- -a^ sin( 7 r — 2a) = 


(pi + 1)"^ 


2 sin a cos a 


( p ^ + 1 ) 2(1 + rf )2 

SVd 


Denote by E the intersection of F and the strip 83 . Now we will compute the area of E. 
Denote by bi the length of the horizontal diagonal A 1 A 3 of E and by 62 the length of the 
vertical diagonal A 2 A 4 of E. Note that c ?2 = di/y/d and Pp = \d 1 d 2 = \^- Since the 

length hi is equal to ^ (j < and C < ^ — , the domain F is a hexagon. 

Denote by Fi and E 2 the connected components of the set F\E. The sets Fi and E 2 are 
triangles. Denote by Pp^ (resp. Pp^) the area of the triangle Fi (resp. F 2 ). Assume that 
Pei ^ Pe 2 - Since the distance of Ai to BiBq is {pi + l){d + l)/4 — {pi + l)/2 — a: and 
the distance of A 3 to B 3 B 4 is {pi + l)(d + l)/4 — {pi + l)/2 + x, we have the following 
formulae: 
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The area of the hexagon E is given by the formula 

P -P _P _p (Pi + 1)^((1 + df - (1 - d)^) - 16x^ {p^ + l)^ci - 

^ ^ sVd 2Vd 

It follows that the hexagon E contains Pe' ^ + o{Pe • points from Ok- We compute 


Pe 


1 

y/d 

2 


(pi + \)‘^d — Ax'^ 


= (pi + lf- 




d ' d ' 

This means that the hexagon E contains at most pf + o(p^) points from Ok- 


A2-B2 



Figure 2. The triangles T and Ui- Considering these triangles leads to 
an improved bound on the cardinality of S. 

We will now show that some of these points cannot belong to the set S. Denote 
by G the intersection of the diagonals of the rhombus F. Consider a triangle T with 
vertices Ti,T 2 ,T 3 and denote by T[ the orthogonal projection of the point Ti onto the 
side T 2 T 3 . We pick the vertices of T so that T 2 T^ is horizontal, IT 2 T 3 I = C 1 P 2 , \TiT 3 \ = 
\TiT 2 \ = IGTiI = 2|G'r{|, the imaginary part of the point Ti is smaller than 

the imaginary part of the point T 2 and the real part of the point T 2 is smaller than 

the real part of the point (see Figure 2). Denote by / the length of the smallest 
vertical side of the hexagon E. We compute: 62 = and 

/ = As |TiG| < *1, |r(G| < I and IT 2 T 3 I < pi + 1 - 2x, the triangle T 

is contained in the hexagon E for e small enough and n large enough (to see that, recall 
that < Gi < 4 ^^^ and 0 < G < Pi+izAiPi Consider a triangle Ui with vertices 

Ti,T 2 ,T^ which is the image of a triangle T under the homothety transformation with 
center in Ti and ratio - The area Pu^ of the triangle Ui is equal to P 2 ^ ^ This 

implies that the triangle Ui contains Pu^ ■ + o(P[/i ’ 

~ 2 ' ~T 

points from G/f. Let 1 /€ Gi C G/f. Consider a set Ty = {y, y +P 2 +P 2 

The set Ty is contained in the hexagon E (for large enough n and small enough e). In 
fact, Gi, Ui +P 2 ^^-^^ and Ui +p 2 are three small triangles that are lying inside 
T and share one vertex with it. The elements of Ty give the same remainder modulo p 2 - 
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As there are pI > f different remainders modulo P 2 ; by Corollary 2.4 the set S cannot 
contain three different elements which give the same remainder modulo p 2 . Therefore, 
at least one element of the set Ty does not belong to the set S. Considering Ty for 

every y G C7i C Ok, we get that at least points from E C Ok 

do not belong to the set S (for e small enough and large enough n). This implies that 

I'S'I < Pi — + o(Pi) — o(P 2 ) < ((1 + ~ )n + o(n) < n (for e small enough 

and large enough n). By Lemma |l.l[ this gives a contradiction and ends the proof of this 
subcase. 

Subcase 2 . Assume x > C . Using the calculations from the previous subcase we 
see that if the intersection of the strips 81 ^ 82 , and 83 is a hexagon or a triangle, then it 
contains less than p\ + o(pf) points from Ok (for e small enough and large enough n). 
Again, by Lemma |l.l[ this gives a contradiction. It remains to consider the case when the 
intersection of the strips 81 , 82 , and 8 ^ is empty, but this obviously gives a contradiction. 


This ends the proof of Theorem 3.2 


□ 


4. Construction of ti-universal sets with n + 2 elements 

Theorem 4.1. Let A be a Dedekind domain. Then for any non-negative n there exists 
an n-universal set C A with n + 2 elements. In fact, one can construct an increasing 
family Eq C Ei C E 2 C .. . of n-universal sets En in A with n + 2 elements. 

Proof. We will construct sets En inductively. Set Eq = {0,1}. Suppose we have con¬ 
structed an n-universal set En with n -|- 2 elements. We will show that by adding an 
appropriate element we can extend En to an (n-|- l)-universal set En+i. Note that for al¬ 
most every prime ideal p of Ok the set En is already almost uniformly distributed modulo 
powers of p. This is the case for all prime ideals p which do not contain any difference of 
two elements from En- Therefore, in order to construct the set En+i, we only need to look 
at a finite set of prime ideals = (p | p D Vol{En)}. For any such prime ideal p G 8 n, 
there exists a subset of En with n -|- 1 elements which is almost uniformly distributed 
modulo powers of p. We can extend such a subset by one element a;p so that the extended 
set remains almost uniformly distributed. Denote by Vp the highest power of a prime 
ideal p G 5'n dividing a difference of a pair of elements in En U {xpj. Now, by Chinese 
Remainder Theorem we can hnd an element Xn in Ok such that Xn = a^p (mod p'^*’"'"^) 
for each p G 8n- Put En+i = U {Xn}- Then the set En+i contains for any prime p 
a subset with n -|- 2 elements which is almost uniformly distributed modulo powers of p. 
Hence En+i is (n -I- l)-universal. □ 

Consider this construction in the case when A = Ok is the ring of integers in a number 
field K. In the n-th step of this construction, we need to add an element Xn satisfying 
a simultaneous congruence modulo all primes (and powers of primes) modulo which En 
fails to be almost uniformly distributed. These are exactly the prime powers dividing 
V ol{En) / m\K- For future reference, let us denote the set of these prime powers by 

E'n- In the proof, we have used the Chinese Remainder Theorem to justify that such Xn 
always exists. In practice, in order to find a;„, we need to solve a system of congruences 
Xn = Xp (mod p^) for p^ G E'n- The time needed to solve such a system of congruences 
is polynomial in the logarithm of the product of norms of ideals in 8n. Consequently, the 
time needed to find Xn is polynomial in ^og N(Vol{En)/ It follows that in 

order to have a good control on the running time of our construction, we have to control 
the growth of t/„ = N{Vol{En)/ Y\^=iXn\K)- Even for A — 7i, this task proves to be 
difficult, because the solution of a system of congruences modulo elements of 8n cannot 
be, in general, bounded by anything less than the product of all numbers in 8n. In the 
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case of Ok, we cannot bound the norm of the solution by anything significantly smaller 
than the product of norms of elements in S'^. An easy computation shows that if in each 
step the norm of Xn is of order Un and for at least one no the number Ung is big enough, 
then the bound that we will get on the consecutive U^s is an exponential tower of height 
2, i.e., Un <C exp(aexp( 6 n)) for some a, 6 > 0. The expected time needed to find Xn is 
therefore polynomial in \ogUn log(exp(aexp(&n)) = aexp( 6 n). The latter bound is 
exponential in n which means that this construction is likely to be impractical for large n. 
In Section]^ we present an alternative probabilistic method that may be used to construct 
(n + d)-universal sets for d = [K : Q]. 


5. Euler-Kronecker constants 


The problem of existence of n-optimal sets in general number fields seems much harder 
than in the imaginary quadratic case. In the proof of Theorem 3.2 we relied on the fact 
that collapsing the set reduces its volume, hence an n-optimal set is necessarily collapsed 
with respect to every direction. This technique requires the norm Nk/q to be convex, 
which (essentially by Dirichlet’s unit theorem) holds only when AT = Q or AT is an imag¬ 
inary quadratic number field. In this section, we compute the asymptotic growth of the 
norm of the volume of n-universal sets. As a by-product of our attempts to prove non¬ 
existence of n-optimal sets in arbitrary number fields, we obtain a lower bound on the 
values of Euler-Kronecker constants. 

Let us recall the definition of Euler-Kronecker constants. 


Definition 5.1. |Ihaj Let Ca'(s) be the Dedekind zeta function of a number field K. Let 

CrCs) = -yr -I- Co -I- Ci(s — 1) -|- . . . 

(s- 1 ) 

be the Laurent expansion of C,k at s = 1. We define the Euler-Kronecker constant ^k 
as the quotient c^jc-x, or equivalently as the constant term of the Laurent expansion of 
Ck/Ck at s = 1. 

For K = Q, the constant yq is the Euler-Mascheroni constant 7 given by the formula 



For more information on the Euler-Kronecker constants, we refer the reader to the article 
of Ihara [Iha] . Euler-Kronecker constants arise in our considerations via the following 
theorem due to M. Lamoureux |Lam) . 

Theorem 5.1. ( [Laml Theorem 1.2.4]) 

\ogn\K = nlogn - n(l + - 7q) + o(n). 

Using Proposition |2.6| we immediately obtain the following corollary. 

Corollary 5.2. Let S be an n-optimal subset of Ok- Then 

log N{Vol{S)) = logn- — - n^(l + ^k - 7q) + o(n^). 

Moreover, for every subset S' C Ok with n 1 elements we have 

\ogN{Vol{S')) >n^logR- - n'^{l jK - 1 q) + o{n^). 

One can try to prove non-existence of n-optimal subsets in number fields by combining 
the above estimate with a lower bound on Vol{S) obtained by some geometric arguments. 
This proves to be problematic in fields which have an infinite group of integral units due 
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to non-convexity of the norm. However, one can use the estimates from Corollary |5.2| to 
obtain the following analytic theorem. 


Theorem 5.3. Let U be an open bounded subset o/R^^. For any x = {xi,... ,Xd) G 
write 11*11 = Jli=i l^i|- (Note that this notation is nonstandard as || • || is not a norm on 
R^.; Then 


/ / log||*-i/||ci*d?/>TO(17)^(cd-flogTO(;7)), 

Ju Ju 

where Cd > 0 is a constant depending only on d and m(U) is the Lebesgue measure ofU. 


Proof. Let us first treat the case m{U) = 1. We will reduce the proof to this case by 
scaling. Choose some totally real number field K of degree d and let ai,... ,ad be all 
the embeddings if —>■ R. Identify the ring of integers Ok of K with the lattice L in 
R^^ by means of the Dirichlet embedding K —>• R"^, x !->■ {(Ji{x))i^i^,,,^d- For a natural 
number n, let C U\. Consider the normalized counting measures /i„ on the sets 

(Fl n t/)^. The sequence is a sequence of probability measures which converges in the 
weak-* topology to the Lebesgue measure on U x U as n —>■ oo. Choose M < 0. Then the 
function U x U ^ R, {x,y) i-G max{M, log ||* — y||} is continuous and bounded, so by the 
weak-* convergence of measures we get 


/ / max{M, log | 

Ju Ju 


y\\}dxdy= lim 

n—>-oo Az 


lim —TT 
n—¥oo A^ 


^ max{M,log||*-2/11} > 

x,y^^LnU 

log l|2^-2/11- 


x,yeifLnu 


The rightmost term can be rewritten as 

^ ^ log II*-2/11 = 


x.y^^LnU 


^ (log||*-2/||-dlogn) = 


x,yGLnnC/ 


^ ^0glJV(x-y)l- —^logn = 


x^y^LDnU 
x^V 


\ogN{Vol{L n nil)) — dlogn + logu. 

Ai A„ 

By Corollary |5.2[ we bound the last expression from below by 

^ -^{AlhgAn - \ - Ai{l + -fK - Id)) - dlogn P -^\ogn + o{l) (5.1) 

3 d 

= log An - - - 7A- +7Q - dlogn-f — logn-ho(l). (5.2) 

Z Afi 

Since U is an open set of measure 1 and L is a lattice in R"^ of covolume y^jA k\, An = 
Jd — -I- o{n‘^). Hence, 


log An = dlogn - ^log|A/f| -f o(l) 
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and logn = o(l). Therefore, we can bound the expression (5.2) from below by 


1 3 

- 2 log - 2 -" 1 k + lci + o(l). 

Let us define the constant Cd,K = — | — Ik +70 ~ | log \ ^k\ and set Cd = supcd,*-, where 
supremum is taken over all totally real fields K of degree d. Then the inequality above 
shows that 


/ / max{M,log llx - i/||}(ia;d?/> Cd. 

Ju Ju 


But 


lim / / max{M, log ||a; — j/||}dxdy = / / log ||a; — i/||da;dy, 

M^-^JuJu JuJu 

which finishes the proof in the case m{U) = 1. It remains to reduce the proof to this case. 
Let ?7 C be any open bounded subset. For any A > 0, let Ux denote the set U scaled 
by a factor of A. Integrating by substitution, we get 


'Ux JUx 


logllx-j/||fia;d?/=A^‘^ / / log || A(a; - j/)||fia;d?/ 

Ju Ju 

f [ (log ||x - y\\ + dlog \)dxdy. 

Ju Ju 

For an arbitrary set U of finite measure rn{U), we can scale it by a factor of A = 

so that it becomes of measure one and apply the known result to this measure one set. 

This gives 

I I log \\x - y\\dxdy > m{U)'^{cd + \ogm{U)). □ 

Ju Ju 

As a corollary we obtain a lower bound on the value of 'Jk- 
Corollary 5.4. Let K he a totally real number field. Then 

1 3 3 

IK > --log|Aif| + -d - - +7Q- 


Proof. Let U = (0,1)'' e Then m{U) = 1 and by Theorem 


5.3 


we have 


I [ log\\x - y\\dxdy = d ( f log\x - y\dxdy =-^d > Cd > Cd,K- 

Ju Ju Jo Jo ^ 


'U Ju JO JO 

Hence, by the definition of Cd^K we get 


3 , 3 1 , , , 

“ 2 “ > “2 “ T'R +7Q - 2 logl^^l- 


The desired inequality easily follows. 


□ 


The main term of the last inequality is log x/\A^\. A very similar, but slightly stronger 
inequality has been proved by Ihara in [Iha| . More precisely, he obtained the following 
bound l llhal Proposition 3]) jk > —5 log |Ai^| + coefficient at d is 

(7q + log( 47 r ))/2 = 1.554 ..., so our bound is slightly weaker. 


6. A PROBABILISTIC CONSTRUCTION 

In this section, we present a probabilistic method to construct an n-universal subset of 
Ok with n + d elements where d = dimq K. 
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6.1. Outline of the construction. Fix a natural number m > 1. In order to choose a 
random subset S of the ring Ok with m + n = k elements, we fix k independent random 
variables ..., with values in Ok and set S = {^i,..., ^k}- By Corollary 2.4 in order 
to check if S is n-universal, all we need to do is to verify that for every prime ideal p of Or, 
S contains n + 1 elements which are almost uniformly distributed modulo powers of p. As 
we have pointed out in Definition 2.1 the condition simplifies when |Or/p| > n + 1. The 
set S contains a subset of size n + 1 which is almost uniformly distributed modulo powers 
of p if and only if | 7 rp(S')| > n + 1, where TTp : Ok —>■ OkIP is the canonical projection. 
The probability of this event depends only on the variables 7 rp(^i),... , 7 rp(^fc). Thus, it 
can be estimated relatively easy. This suggests the following strategy to choose a random 
subset of Ok- 


• Fix a probability measure ^ on Ok- 

• FixL > 2(n + l) (for technical reasons it is more convenient to assume L > 
2n + 2 rather than just L > n + 1), and choose elements oi,... ,a/c such that 
{oi,..., a„_|_i} is almost uniformly distributed modulo powers of p for every prime 
ideal p with |(!1r/p| < L. Again for technical reasons we choose ai,... ,afc such 
that {oi,..., ttfe} has at least n + 1 distinct elements modulo L\. 

• Let ipi,... ^ipk be independent random OR-valued variables with distribution /r. 
Set = tti + Ll-ipi. Then the random set S = {^i,... ,^k} contains a subset of 
size n + 1 which is almost uniformly distributed modulo every power of a prime 
ideal p satisfying A^(p) < T|5 Thus, in order to compute the probability that S 
is n-universal we only need to estimate the probabilities that | 7 rp( 5 ')| > n + 1 for 
every prime ideal with norm bigger than L. 

The reasons why we have imposed these technical conditions will become clear during the 
proof. We have outlined the general way in which we can construct our set. Until now we 
have made no reference to a random walk on Or, but we shall use them to construct the 
measure /r. This will allow us to interpret the elements of S as steps oi n + d independent 
random walks on Or. In the following section, we prove some estimates on the probability 
that the set S constructed in the way described above is n-universal. 


Lemma 6.1. The set S = constructed as in the outline, always contains a 

subset of size n -|- 1 which is almost uniformly distributed modulo powers of prime ideals 
of norm not exceeding L. 


Proof. We have to show that S = {^i,..., ^k} contains an (n + l)-element subset that is 
almost uniformly distributed modulo every power of a prime ideal p such that |Or/p| < L. 
For a fixed ideal p, the existence of an almost uniformly distributed subset of size n + 1 
depends only on the residues of S modulo p™ where m is the smallest integer for which 
A^(p™) = A^(p)™ > n-l-1. Indeed, a set with n-l-1 elements is almost uniformly distributed 
modulo p™ if and only if it has distinct elements modulo p™, but then it is also uniformly 
distributed modulo all higher powers of p. By construction, we know that {ai,..., On+i} 
is almost uniformly distributed modulo powers of p if iV(p) < L. Adding multiples of 
L\ to the elements of this set cannot change that because L\ is divisible by p"*. Indeed, 
(JVp)™“^ < n -I- 1, iV(p) < L and L > 2(n + 1), so L\ is divisible by (A^p)"* and hence also 
by p"*. □ 


6.2. Preliminary results. Throughout this and the following sections, /r*" will denote 
the n-th convolution of a measure /i. We will write G for the group of characters of G. 
We shall often treat probability measures on discrete sets as functions and whenever we 
write p.{x) we mean yi{{x}). Let us recall the definition of the Fourier transform on finite 
abelian groups. 

^This is the contents of Lemma 6.1 
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Definition 6.1. Let ^ be a probability measure on a finite abelian group G. The Fourier 
transform of p, is defined as the measure p on G given by 

A(x) = x(5)M(ff) 

geG 

for X € G. 


A classical property of the Fourier transform is that the transform of a convolution is 
the product of transforms, i.e., /iTu = pP. The inverse Fourier transform is given by the 
formula ^ 

Lid) = |q 51 xigMx)- 

xeG 

The following series of lemmas will be used to estimate the probability that a randomly 
chosen subset of Ok contains n +1 elements which are almost uniformly distributed modulo 
a certain ideal / with \Ok/I\ > n + 1 . We call a family A = {Ai, A 2 ,..., Ak} of subsets 
of{l, 2 ,...,n + to} an m-partition if it satisfies the following conditions: 

• Ai 7 ^ 0, Aj n Aj = 0 if j 7 ^ i, 

• [jAi = {l,...,m + n}, 

• — 1 ) = TO or, equivalently, k = n. 

The following lemma allows us to estimate the probability that a collection of n + to 
independent random variables forms a set of cardinality at most n. 


Lemma 6.2. Let X be a finite set, n,m natural numbers and ^ ■ ■ ■ ,^n+m) 

independent random variables with values in X with probability distributions respectively 
pi, P 2 , ■ ■ ■, Pn+m- Let P = P^^rn,n denote the probability that the set {^ 1 , ^ 2 , • ■ •, Cn+m} 
contains at most n distinct elements. Then 

E n (e ^ E 

A m—partition \xGX j^Ai 



Proof. For any m-partition A = {Ai, A 2 ,..., A^j of {1, 2,..., n + to}, let Ra denote the 
event that the random function t 1 —)■ is constant on each Ai. The variables are 
independent, so we have 


ip[^a]= n ( e n 

\^xex jeAi 

The random set {^ 1 , ^ 2 ) • ■ •) 5n+m} has no more than n distinct elements if and only if there 
exists an m-partition A such that the event Ra happened. That gives us the following 
inequality: 



p< Y. w= E n EnA^^(^)|- 

A m—partition A m—partition 2=1 \x^X j^Ai 

Using the inequality between arithmetic and geometric means, we get 


j^Ai 


j&A, 


Hence 


E n E^E^j("^) 

A m—partition I—1 \xC:X ^ jCzAi 


lAI 


□ 



20 


J. BYSZEWSKI, M. FR^CZYK, AND A. SZUMOWICZ 


Proposition 6.3. Let G be a finite group, n^m positive integers and let ^ = (^i, ^ 2 ; ■ ■ •, ■Cn+m) 
he independent random elements with distributions respectively • ■ ■ ,p.n+m- Let fi be 

a probability measure on G. We assume that all Hi are some translates of ja, i.e., we have 
pifx) = p.{six) for i = 1,..., n+m and some fixed elements Si G G. Let P = denote 

the probability that the set {^ 1 ,^ 2 , • ■ ■ ,in+m} contains at most n distinct elements. Then 

'< (^)" 

with the implicit constant depending only on n and m, but not on G or fXi. 


For the proof we shall need the following variation of the Haussdorf-Young inequality. 


Lemma 6.4. Let G be a finite abelian group, let p, q be real numbers such that p + ^ = 1 
and 1 < p < 2. Then for any / : G —?► C we have 


E < 

geG 



E i/wi" 

X 6 G 


9-1 


Proof. By taking the g-th root of both sides, we see that the inequality is equivalent to 
the inequality 



where G is endowed with a normalized counting measure. The group G is canonically 
isomorphic to the dual group of G and the function / is equal to the Fourier transform of 
/. Thus, the equality may be rewritten as 


ll/ll;,(g) — II/IIap(G) 

which is the Hausdorff-Young inequality ([Becl Chapter 9.5]) applied to the group G and 
the function /. □ 


Proof of Proposition \ 6. 3| By Lemma 6.2 we have 

k 


p < 


1 


E n IE E 


lYI 


A m—partition \g^G 




Using Lemma 6.4 with q = |Ai|,p = |Ai|/(|Ai| — 1) for any Ai with \Ai\ > 2, we get 

lYI-i 


E ^ E ^ E I ^ E 




SSG 


jeAi 


|G| 


( 6 . 1 ) 


xgg 


Since pLj is a probability measure, we always have \p-j{x)\ < Ij so 

I/U(x)r-I/(I^‘I-1) < \Hix)\- 

Moreover, since pfix) = p{sjx), we have fTfix) = x{sj)fi{x), so \pf{x)\ = \Kx)\ for all j. 
We conclude from these remarks and inequality (6.1) that 


E ^ E ^1(5) 

g&G j&Ai 


IYI-1 


lYI 


|G| 


E 


xgg 


< 
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Note that this holds even if \Ai\ = 1 because then both sides are equal to 1. Thus, 

A m—partition ^=1 y 

For any m-partition we have — 1) = m, so 

|G| ) 

where the implicit constant is the number of all m-partitions of {1,..., n + to}. □ 




We conclude this subsection with a proposition that will be used to evaluate the proba¬ 
bility that a randomly chosen set is not n-universal. Recall that Ok is the ring of integers 
in a finite extension field RT of Q of degree d > 2. Let us fix d elements wi,..., S Ok 
such that Ok = Zwi © ... © Zwd ~ Z"^. We define a norm || • || on Ok by letting 
|ja|| = max |ai| for a = oiWi + ... + adUJd- Recall that N{T) = \Ok/I\ is the norm of an 
ideal /, and that the function Ok —t N, a i-a- N^qOk) = |-^A'/Q(a)| grows as 0(||a||‘^)j^ 

Proposition 6.5. Let ^ he a probability measure on Ok, L an integer and let S = 
{^ 1 ,... where are independent random variables defined as in the outline. For 

any non zero prime ideal p € SpecOif, let p,p denote the probability measure on OkIP 
obtained as the projection of p. and let P = Ps,n be the probability that S is not n-universal. 
Then there exist constants c > 0 and kq > 0 (depending on the field K and the numbers 
L, n, and m) and a constant Cq depending only on n and to such that for any natural 
number n > kq we have 


P<Co 


T 


xeOjc/p 


\Tp{x)\' 


<L<N{\})<ck^ 


Nip) 


+ (n + m)p{{a G |||a|| > k}). 


Proof. By Proposition 2.3 the set S is n-universal if and only if for every prime ideal 
p G Spec Ok we can find a subset of S with n + 1 elements which is almost uniformly 
distributed modulo powers of p. By construction, S contains such a subset for every prime 
ideal p with iV(p) < L. Thus, we only need to verify that we can find such a subset for 
prime ideals p whose norm is bigger than L. For such an ideal p, the set S contains an 
(n + l)-element subset that is almost uniformly distributed modulo powers of p if and 
only if 7rp(S') has n + 1 elements. Let Pp denote the probability that 7rp(5') < n + 1. The 
probability of a union of events is smaller or equal to the sum of their probabilities, so we 
have the following inequality 


P < 


E 

L<Nip) 


Pn 


This is not enough to get any useful bound because the probabilities Pp decrease too 
slowly. We have to take care of the prime ideals with big norms separately. If we knew 
that for all elements si S 2 oP S we have N{{si — S 2 )) < k, then S itself would be 
automatically almost uniformly distributed modulo powers of every prime ideal p with 
N{p) > K. Otherwise, we would have that for some Si,S2 G S', (si — S2) G p, but then 
(si — S 2 )Ok C P, and so N{{si — S 2 )) > N{p). Consequently, if |S| > n + 1, then S 
would contain n + 1 elements which are almost uniformly distributed modulo powers of 


^Indeed, the norm is the determinant of the map K ^ K,x 1 -^ ax. The entries of the matrix 

representing the multiplication by a are linear in ai,... thus A^^/Q(a) is a homogeneous polynomial 
of degree d in variables ai,..., 
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such ideals. Let Ejzi denote the event that S is contained in i3||.||(i?), the ball of radius R 
around the origin. Since N{a) = 0(||a||'^), we can find a constant cq such that 

sup |-^((ai — 02 ))! < sup |.^(a)| < 

ai,a2GB||.|| (i?) aGB||.||(2fi) 


By the previous remark, if liSI > n + 1 and the event Eji happened, then S contains an 
(n + l)-element subset which is almost uniformly distributed modulo every prime ideal 
with N{p) > cqR'^. Recall that by the construction, the set S must have at least n + 1 
distinct elements modulo L!, so clearly IS”! > n + 1. We get the following estimate 

p< E n + 

L<N{p)<coR‘‘ 

The last step is to relate (1 —P[ ]) to /r({a S O/f |||a|| > «})■ Obviously (1 —P ]) < 

P [ > ^] ■ Recall that where t/ji has distribution fj,, so 

P[ncdl >i?] <p[liv^^ll > 

The set {oi,..., has to be chosen so that the first n + 1 elements are almost 

uniformly distributed modulo powers of p for every prime ideal p of norm not exceeding 
L. We also want it to have n + 1 distinct elements modulo L\. Such a set may always be 
found in the ball of radius ci = ci(L). Hence there exists a constant C 2 = c^iL) such that 
P[||6j|| > R] < P[||'0i|| > R/C 2 ] = e ORlIlall > i?/c 2 }) for large R. Substituting 
K = R/c 2 and c = C 0 C 2 , we get 


P< E Pp + {n + m)fi{{a e OkWIclW > k}). 

L<N{p)<ck^ 


By Proposition |6.3 


Pp<Co 




X&Ok/V 


iMp(x)r 


\^k/p\ j 

for some constant Cq depending only on n and to, so finally we get 

T^gcwpl^(x)l 


p<c, E 

L<A^(p)<c«‘^ 


\OkIp\ 


+ (n + TO)^({a e C>i^|||a|| > k}). □ 


6.3. Construction of the measure fi. Let Ok = Zcji 0 ... 0 Zujj, ~ for some 
oji,... ,ujd- Let M he. a, positive integer (we will specify later how big it should be). Let 
Vi = ^{Suii+S-^.) where 5uj denotes the Dirac measure centered at uj and set - 

Consider a random walk on Ok defined by: 

• = 0 , 

• P[X(*+i) = a I X« =b]= v{a-b). 

Let fj, be equal to the distribution of i.e., p. = fiM = . We construct the random 

set S as it was described in the outline. We fix an integer L > max(n 0 d, 2n 0 2). We 
choose elements oi, 02 ,..., a„+d such that at least n0l of them are distinct modulo L\ and 
such that oi, 02 ,..., o„+i are almost uniformly distributed modulo powers of every prime 
ideal p with N(p) < L. Next, we take n + d independent random elements "01, '(/' 2 ) • ■ •; '4’n+d 
of Ok with distributions equal to /r and set S = {^ 1 ,... with = Oi 0 L\ipi. As 

before, ^p shall denote the projection of the measure /r onto OkIP- 


Lemma 6.6. For any prime ideal p in Ok and an integer M, we have 


E 


X^Ok/p 


l 0 p(x)l 


N{P) 


<Ci 


f 1 


\Nip) 
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with a constant Ci depending only on d. 


Proof. The quotient OkIP is isomorphic to the finite field for some d' < d. Since 
uji,uj 2 , ■ ■ ■ , 0 Jd generate Ok as a Z-module, they also generate OkIP over Fp. After a 
possible change of enumeration, we may assume that Ok/P = FpWi 0 ... 0 FpWd', this 
establishes an isomorphism : OkIP — Fp . We will need the following claim. 

Claim: Let G = Gi x ... x G; be a finite abelian group and let mi,..., m; be probability 
measures on Gi,..., G;, respectively. Let m = mi x ... x m; be the product measure on 
G. Then 

^|m(x)| = n( XI 

X6G \xi^Gi 

Proof of the claim: This follows immediately from the fact that the decomposition 
G = rii^i induces an isomorphism ni=i Gi ~ G given by 

((ai,...,ai) i-Axi(ai)...Xi(az)). 



Convolution of measures commutes with the transport of measures by a homomorphism, 
so /Tp = * ... * Let Aii,p = * ... * a^ ^ 2 ,p = * • • ■ * ^3.^- By 

the properties of the Fourier transform we have fPp = so \pLp\ < l/rypl- The last 

inequality follows from the fact that the Fourier transform of a probability measure is 
bounded by 1 in absolute value. We get 


E 


X&Ok/v 


Ia0(x)I E 


iV(p) 


< 


X&Ok/v 


l^(x)l 


Nip) 


The measure ^i,p corresponds via the isomorphism OkIP — F^ to the measure x 
... X i/*^, where u is a measure on Fp given by u = \{5i + i5_i). Consequently, by the 
claim and the previous inequality, we get 


E 


X^Ok/p 


Imp(x)I 


N{p) 



d' 


Hx)\ 


M 


( 6 . 2 ) 


We shall estimate the expression ^ l^(x)l^- The characters of Fp are of the form 

Xa{t) = ex.p{27Tiat/p) for a = 0,1,... — 1, so 


p-i 


p-i 


- E i^(x)i“ = TEi 5 ?(xa)r = -E 

P P _r, P 


X^Fp 


a=0 

p-1 


a—0 


exp(27ria/p) + exp(—27ria/p) 


M 


1 9 

= - E I cos(27ra/p)|^ < —h / | cos(27rt)|^dt 

P n P JO 


a—0 

2 2F(^) 


p y^MF(f) 


< G[ Q 


for some constant G(, since is bounded as M 

equality (6.21 and the inequality between power means, we obtain 


oo. Now using in- 


E 


X60jf/P 


Imp(x)I 


N{p) 


< Gi ( ^ 0 ) < Gi 


1 


N{P) 


+ m-g^ 


where Gi = 2'^'-iG(^'. 


□ 
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Applying again the inequality between the means, we immediately obtain the following 
corollary. 

Corollary 6.7. We have 


T 


X&Ok/p 


iAip(x)r 


Nip) 


<C, 


(iV(p)“ 




where C 2 = is a constant depending only on d. 

The last ingredient that we need is the following tail estimate. 

Lemma 6 . 8 . We have 

lim ^({a e e-mail > = 0. 

M—>00 

Proof. Let Ei for i = 1,... ,d denote the set 

Ei = {a G Ok \ a = aiUJi + ... + OdOJd, \ai\ > M^/^(logM)^/^‘^}. 

Since {a G Ok \ ||a|! > Mi/2(log= Ai U ... U we just need to show that 
limM-j-oo t^iEi) = 0 for every i. To do this, observe that the measure of Ei depends only 
on the projection of p onto the Tth coordinate which is equal to . Hence, 

p{E,) = e z I |z| > 

where p = ^(i5i + 5_i). By the Central Limit Theorem, scaled down by a factor of 
converges to the normal distribution A/'(0,1). Consequently, p{Ei) must converge 
to zero as (logM)^/^"^ tends to infinity. □ 

Now we are ready to prove that our construction results in an n-universal set provided 
that L and M are big enough. 

Theorem 6 . 9 . Let S be a random subset of Ok defined as before and let P = Pl,m 
denote the probability that S is not n-universal. Then lim lim Pj, ^ = 0- 

L—¥oo M—^oo 

Proof. Fix £ > 0. We need to show that for L big enough and M tending to infinity Pl,m 
is eventually smaller that e. The sum X^peSpecOif known to be convergent 

for d> 2. Fix L large enough so that 

where Cq is the constant from Proposition |6.5| and C 2 is the constant from Corollary |6.7[ 
Let 

DM = {aGOK\ ||a|| > M^/^log 

By Proposition 6.5 there exists a constant c = c{L) > 1 snch that for large M we have 

d\ 


P<Co 


E 

yL<Af(p)<cM-i/2(logM)i/2 

Using Corollary |6.7[ we get 


T 


X&Ok/P 


i/^(x)r 


N{p) 


+ (n + d)p{DM)- 


P < C 0 C 2 


E 

^L<A(p)<cM'*/2(logM)i/2 


/ 1 


\N{py 


+ M j j {nd)p{DM)- 


Let us focus on the sum on the right hand side. We have 


E 

L<Af(p)<cM-i/2(logM)i/2 


/ 1 


\n{pY 


m-pA < ^ 


1 


A(p)>i 


iV(p)' 
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where 7 raj^(x) = |{p S SpecO/f | JV(p) < a:}|. Just like in the ordinary prime counting 
function, is asymptotically equal to a;/log a; (by Landau Prime Ideal Theorem, 

|MV1 p. 267]). Hence, for M large enough we have 


^Ok (cM‘^/2(logM)^/2)^-d/2 


~ d log M 


4c 

d(logM)i/2 


The sum ^ 


N(p)>L 


l/7V(p)‘^ is less than e/2C'oC'2, so we get 
4cCoC2 




d(log M)^/^ 


+ (n + d)iJ,{DM)- 


The constants c, Cq and C 2 are independent of M and by Lemma 6.8 the last summand 
tends to 0 as M tends to infinity. Thus, for M large enough we have P = Pl,m < £■ D 


Let us rephrase what we have just shown. In the ring of integers Ok of the field K 
we choose n + d elements {oi,... ,a„+d} such that the first n + 1 are almost uniformly 
distributed modulo all prime powers p^ with iV(p) < L. Next, we pick a symmetric measure 
ly = i^i* ...* I'd on Ok which is supported on a set generating Ok ■ If we consider a random 
walk Xi on Ok defined by = Oi and P = x \ = y] = v{{x — y)/L\), then 

the distribution of is nothing else than the distribution of for the same as in 

the proof. Therefore we have shown that S = Sm = ..., X^^^} is n-universal with 

high probability as M —>■ 00 , provided that L is chosen big enough. 
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